Abstract. In this short note, the well-known Young's inequality is refined by a double inequality.
The original Young's inequality is as follows.
Theorem 1 ([7]
). Let f (x) be a continuous and strictly increasing function on 
where f −1 is the inverse function of f . Equality in (1) is valid if and only if b = f (a).
The following theorem is a converse of Theorem 1 which was proved in [5] .
Theorem 2 ([5])
. If the functions f (x) and g(x) for x ≥ 0 are continuous and strictly increasing with
for all a > 0 and b > 0, then f = g −1 .
The following reversed version of Young's inequality (1) was obtained in [6] .
Theorem 3 ([6]
). Under the assumptions of Theorem 1, inequality In this short note, we would like to refine Young's inequality (1) by a double inequality below.
Theorem 4. Let f (x) be a continuous, differentiable and strictly increasing function on
where
Proof. Changing variable of integration by x = f (y) and integrating by part of the second integral in (4) yields
From the fourth line in (5), it is easy to see that if f −1 (b) = a then equalities in (4) hold.
If
As a result,
which is equivalent to
If f −1 (b) > a, inequalities in (6) can be deduced by a similar argument as above. Substituting (6) into (5) leads to (4) . The proof of Theorem 4 is complete. 
